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ABSTRACT. Introducing the idea of k-relative iteration we prove a fix point theorem for 
k-relative iterated functions of class II. 


1. INTRODUCTION AND NOTATIONS 


A single valued function f (2) of the complex variable z is said to belong to (i) class I if 
f (2) is entire transcendental and (iz) class II if it is regular in the complex plane punctured 
at a,b (a # b) having an essential singularitiy at b, and a singularity at a and f (z) omits the 
values a and b anywhere in the complex plane except possible at the point a. 

For simplicity we take a = 0 and b = co. 

The functions fn (2) of f (2) are defined inductively by 


fo (2) = z and fuss (2) =f (fa (2)) forn=0,1,3,.... 
A point a is called a fix point of f (2) of order n if a is a solution of f, (2) = z and called a 

fix point of exact order n if œ is a solution of fn (2) = z but not for f (z) = z,k = 1,2,...,n—1. 
In this direction, Baker [1] proved the following theorem. 


Theorem 1.1. . If f (z) belongs to class I, then f (z) has fix points of exact order n, except 
for at most one value of n. 


Bhattacharyya [2] extended Theorem 1.1 for the functions of class II as follows. 


Theorem 1.2. . If f(z) belongs to class II, then f (z) has infinitely many fix points of 
exact order n, for every positive integer n. 
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After this in [5], Lahiri and Banerjee introducing the concept of relative iteration | defined 
below | proved a fixed point theorem. 
Let f (2) and g (z) be functions of the complex variable z. 


Let 

filz) = f(z) 

fa(z) = f(g(2)) = F (g1 (2) 

fk) = flg(F())) = Sen) 

fa) = Flo(f(g.-- (2) or g (z) according 

as n is odd or even)...))) 
= f (In-1 (z)) =f (9 (fn—2 (z))) i 

Similarly 


g (fai (z)) =g (f (Jn-2 (z))) : 


Clearly all fn (2) and gn (2) are functions in class II, if f (z) and g (2) are so. 


In (2) 


A point a is called a fix point of f (2) of order n with respect to g (2), if fn (a) = a and 
a fix point of exact order n if fa (a) =a but fi (a) # a,k=1,2,3,....n —1.These points a 
are also called relative fix points. 


Theorem 1.3. . If f(z) and g (z) belong to class II, then f (2) has infinitely many relative 


T(r,gn) 
TI 


AA) is bounded. 





fix points of exact order n for every positive integer n, provided 


In this paper we first consider k (> 2) functions fi, fò,.....f; and form their k-relative 
iterations as follows: 


K-RELATIVE FIX POINTS OF FUNCTIONS OF CLASS II 


Fy (z) = fi elfe (2) = fi (FÈ. (2) = A (fè (FÈ. (2))) 


Fa (2) = ABA (2) or fo (z) or...or fi (2) according 
asn = km—(k-—1) orkm-(k—2) or ...or km)...)) 
= fi (Fe (z)) 
= fi (Phe) 


Similarly 


EE = fish (A) =f (Fe) = w 
= fe (fs (fe (Ft (2)))) 


F?(z) = fo(fa(fa.--(fo(z) or fa (2) or ...or fi (2) or fi (2) according 
asn = km-(k—-1) or km — (k — 2) or...or (km —1) or km)...)) 
= fo VI (2) 
= f(f (Fre (2))) 


= (BC. (fr (aaa (z))))) 


And 
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FÉ) = AA. fe (fea (2)))) = oi 
= fil Ai ie (EE 2) 


FE (2) = AA... (2) or fi (2) or ...or fri (2) according 
asn = km-(k-—1) orkm-(k—2) or...or km)..).) 
= fi l (2) 
= fi(fi (Fs @))) 


= fi(fi (e (fea (PEA O))). 


We introduce the following definition. 


Definition 1.4. .A point a is called a fix point of fi (z) of order n with respect to fo (2), 
fal(2),..., fe (2) if F} (a) =a and a fiz point of fi (2) of exact order n with respect to fz (2), 
fal),..., fe (2) if Fi (a) = a but Fi(a) 4 a, s = 1,2,...,n — 1. These points are called 
k-relative fix points. 


Example 1.5. .Let fi(2) =2+1, fo(z) = 242, fa(2)=2+3,..., fe_i(z) = z+ (k-1) 
and fx (z) = 22 + k. Then Fi (2) = 2z + n Then z = n is fix point of fi(2) of 
exact order k. 

Let f(z) be meromorphic in 0 < ro < |z| < oo. 


From the first fundamental theorem 
(1) m (r,a, f) +N (r,a, f) =T(r, f) + O (logr), 


where 0 < rè < |z| < oo. 


Suppose that f (2) is non-constant and let a1 a2, ..aq;q > 2 be distinct finite complex 


gereg 


numbers with 6 > 0 and |a, — a,| > ô for 1 < u < v < q. Then 


(2) m (r, f) +X m(r,av, f) < 2T (r, f) — Mi (r)+ S(r), 
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where 


and 





S(r)=m (" £) +Som (r =) +O (log r). 


v=1 


Adding N (r, f) + AN (1, au, f) to both sides of (2) and using (1), we have 


(3) -ITiS Nir AHAN (r, anf) +S (7), 


v=1 


where Sı (r) = O (log T (r, f)) and N corresponds to distinct roots. 
logr 


Further if fa has an essential singularity at oo,we have Tork) 2 0 as r > oo [3]. 


2. LEMMA 
To prove the main result we need the following lemma. 


Lemma 2.1. . Ifn is any positive integer and fi, fa, ..., fw are k (> 2) functions in class I, 
then for any ro > 0 and a suitable positive integer Mi, we have 


T (r, Fe) T ( m JEAN T (r, Be) 
T(r, Fl) > Mi or T (r, EN > Mı or... or T(r, Fl) Mi 


according as p = km or km — 1 or...or km — (k —1),m E€ N for all large r, except a set 
of r intervals of total finite length. 


Proof. Let p = km — l, lL € {0,1,2,...,.4 —1}. 


Then we consider the equation Fii (z) =a,i = 1, 2, ..., k according as l = 0, 1,2, ...,k— 1, 


where a Æ 0, co. 


We now show that Fk a 


(2) = F} (F} (2)) where p = km — (k — 1). 


Since 


T (z) = Je yi (2)) 


fel Faa Eip- (2) 
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= fif. (fe (Frap-41 2) 

= PE fe (Frap t2k-(k-1)) (z))))) 
eR e 
no. of functions 


2k — (k — 1) 





= AAA AAA. fe par tay ED) 


no. of functions 


3k —(k—1) 


= fal fi(fol-f(Frep—tim—e—1)} (2))))) 
no. of functions 
km — (k — 1) 
EA 
Therefore Fò (F)(2)) =a. This is equivalent to Fi; (u!) = a where F} (z) = u}, (j = 1,2,3, a): 
Because F% is transcendental, Fi (u!) = a has infinitely many roots for every complex 


number a with two expections a = 0, co. 
We have from (1), 


T (r, F 


al m (r,a, Fhap) +N (r,a, Fip) + O (logr) 


r,a, Ta) + O (logr) 








IV 


IV 
Me 2 
2 
a 
S. 
i 


for a fixed M (> 4). 
From (3), taking a, = uj, f = F} and q = M, we obtain 


SON (na Fa) > (M —1)T (r, F}) — N (r, Fh) - Sı (r) 


S. 
ll 
= 


Since for large r, 


Sı (r) <T (r, F}), 


n 


SO 
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Me 


N (r,u}, fi) > (M-3)T (r, F}) 


= A 3 VR, n 
(4) > (M-4)T(r,F,). 
Therefore 
T (r, Fiap) > MIT (r, fi), where Mı = M — 4, 











outside a set of r intervals of total finite length. 





3. THEOREM 


Our main result is the following theorem. 


Theorem 3.1. . If fi, fo,..., fy belong to class II, then fi (2) has an infinity of k-relative 
(r,Fi) 


: : l T : 
fix points of exact order n (> k) for every positive integer n, provided TEREN t= QD. asthe 


are bounded. 


Proof. Here we consider the function 





so) = AP m <a] <00. 
Then 


(5) T (r,g9) =T (r, Fi) +O (logr). 


Now we assume that f (2) has only finite number of k-relative fix points of exact order n. 








Taking q = 2, a = 0, a2 = 1, we have from (3) 


(6) T (r,g) < N (r, 00,9) + N (r,0,9) + N (r,1,9) + Sı (7,9), 


where Sı (r, g) = O (log T (r, g)) outside a set of r intervals of finite length [4]. 


We have er 
N (r, 0, g) = f EOD a, 
ro 


where 7 (t, 0, g) is the number of roots of g (z) = 0 in ro < |z| < t, each multiple root taken 
once at a time. The distinct roots of g (z) = 0 in rọ < |z| < t are the roots of Ft (2) = 0 in 
ro < |z| < t. Since F} (2) has a singularity at z = 0, an essential singularity at z = œo with 
F! (z) £0, 00, so n (t,0, g) = 0. So N (r,0, g) = 0. Similarly N (r, o0, g) = 0. So 


T (r, g) < N (r,1,9) + Si (r, g) 
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Again F! (z) =z when g(z) = 1. 
So 


N (r,1,g9) = 


z| 


(r,0, F} — 2) 
-1 

N (r,0, F} — z) + O (logr), 
1 


LA 
3 


S. 
ll 


here O (log r) arises due to the assumption that fı (2) has only a finite number of fix points 
of exact order n. 


We have using (6), 


ON (r,0, F} — 2) + O (logr) + O (log T (r, g)) 


j=l 


T (r,g) 


LA 


LA 


Yo (r, F}) + O (log T (r, g)) + O (logr) 


PE) gt Ea) Pe), 
T(r, FA Tr, TO T(r, FY 


n 


a Ea) : PS Faun) POF 
inane T (r, E2) T (r, EN 








PWA) TER), TEB) rem 
troy T TAN tt TUFE) IT (rF) 
O(log {T (r, F} (1+ FER) }) olog) 
| T (r, F3) | T(r, EN 


Ti Rit Jkpi—(k-1); Jo IREZ Skp ik ojis Tes Di Jkpp 














], where 


are strictly less than n and are of the form kp, — (k — 1), kpo — (k — 2), 


sees kpr, (Pi, P2, a Pr EN) 
—-1 n-1 AZI 
(F: a Ikn 2kn 2kn 
O (1g {To FD (1+ AN) Otven 
: T (r, F1) | T (r, F}) 


n 











], for all large r, by 
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Lemma 2.1 and since i = 2,3,..,k are bounded 


1 
< 3T (n Fi). 


Therefore, T (r, 9) < T (r, F1), for all large r. This contradicts (5). 
Therefore fı (z) has infinity many k-relative fix points of exact order n. 











This completes the proof. 
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